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a b s t r a c t
It has been conjectured [B. Xu, On signed cycle domination in graphs, Discrete Math. 309
(4) (2009) 1007–1012] that if there is a mapping from the edge set of a 2-connected graph
G to {−1, 1} such that for each induced subgraph, that is a cycle, the sum of all numbers
assigned to its edges by this mapping is positive, then the number of all those edges of G to
which 1 is assigned, ismore than the number of all other edges ofG. This conjecture follows
from the main result of this note: If a mapping assigns integers as weights to the edges of a
2-connected graph G such that for each edge, its weight is not more than 1 and for each cycle
which is an induced subgraph of G, the sum of all weights of its edges is positive, then the sum of
all weights of the edges of G also is positive. A simple corollary of this result is the following:
If φ is a mapping from the edge set of a 2-connected graph G to a set of real numbers such that
for each cycle C of G,
∑
e∈E(C) φ(e) > 0, then
∑
e∈E(G) φ(e) also is positive.
© 2011 Elsevier B.V. All rights reserved.
All graphs considered in this article are simple. For unexplained terminology and notation, we rely on [1]. If an induced
subgraph of a graph G is a cycle, then it is called an induced cycle of G. A weighted graph is a graph in which each edge e is
assigned an integer denotedw(e), as itsweight. Theweight of a subgraphH of a weighted graph, denotedw(H), is the sum of
all weights of the edges ofH . The objective of this note is to prove a generalization of [2, Conjecture 3.4]: If G is a 2-connected
weighted graph such that for each edge e,w(e) = ±1 and the weight of each induced cycle is positive, then the weight of G also
is positive. (The terminology used in [2] for stating this conjecture is quite different.)
Theorem. Let G be a 2-connected weighted graph such that the weight of each edge is not more than 1 and the weight of every
induced cycle is positive. Then the weight of G is positive.
Proof. We can assume that the theorem holds when G is replaced by any graph whose order is less than n := |V (G)|
and n > 3. Consider the possibility that G has a vertex α of degree 2. Let N(α) = {p, q}. If p, q are adjacent, then
w(G[α, p, q]) ⩾ 1 ⩾ w(pq) whence w(pα) + w(qα) ⩾ 0 and it is easy to verify that G − α satisfies the hypothesis—
here we need the fact that n > 3; hence in this case, we find that w(G) = w(G− α)+ w(pα)+ w(qα) > 0. So, let p, q be
non-adjacent. We can assume thatw(pα) = w(qα) = 1 for otherwise the weighted graph H obtained from G by removing
α and adding the edge pq with w(pq) = w(pα) + w(qα) satisfies the hypothesis whence w(G) = w(H) > 0. If G − α is
2-connected, thenw(G) = w(G−α)+2 ⩾ 3. Therefore, let G−α have at least two blocks. If B is any leaf block of G−α and β
is the cutvertex of G−αwhich belongs to V (B), then p or q belongs to V (B)\{β} for otherwise G−β would be disconnected;
this fact implies that G−α has exactly two leaf blocks. (Note that the block-cutvertex graph of G−α is a path; see Fig. 1 for
an illustration; in this figure, the blocks of G−αwhich are copies of K2 are shown as line segments whereas the other blocks
are drawn as ovals.) From this it follows that every induced cycle of G either lies in a block of G− α or contains each block
which is a copy of K2 and the path pαq. If a block B of G−α is K2 andw(B) < 0, we find that the weighted graph H obtained
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Fig. 1. An illustration for a case in the proof for the main result.
Fig. 2. Forming H1 and H2 as described in the proof for the main result.
from G by removing α and adding the edge pqwithw(pq) = 1 and increasing the weight of the edge in B by 1, satisfies the
hypothesis because the preceding fact holds with the edge pq in place of the path pαq, whence w(G) = w(H) > 0. So, we
can assume that if a block of G−α is K2, then its weight is nonnegative. Since all other blocks and the path pαq have positive
weights, the conclusion holds.
So, henceforth we assume that δ(G) ⩾ 3. Now let us consider the possibility that G is not 3-connected, i.e., for some
α, β ∈ V (G), G − {α, β} is not connected. Since β is a cutvertex of G − α, there are subsets X, Y of V (G) \ {α} such that
X ∩ Y = {β} and G[X] ∪ G[Y ] = G − α. If α is adjacent to β , then G[X ∪ {α}] and G[Y ∪ {α}] are 2-connected whence
w(G) = w(G[X ∪{α}])+w(G[Y ∪{α}])−w(αβ) > 0. So, let α and β be non-adjacent. Letm be theminimum of all weights
of the induced paths of G[X ∪ {α}] from α to β and ℓ be the minimum of all weights of the induced paths of G[Y ∪ {α}] from
α to β . Thenm+ℓ ⩾ 1. So, we can assume thatm ⩾ 1. Let H1 be the weighted graph obtained from G[X ∪{α}] by adding the
edge αβ withw(αβ) = 1−m; from G[Y ∪ {α}], form a weighted graph H2 by adjoining a path Γ from α to β withm edges
of weight 1. (See Fig. 2.) Let P be any induced path from α to β in G[X ∪ {α}] with w(P) = m; then |V (P)| ⩾ m + 1; since
δ(G) ⩾ 3, any vertex in V (P) \ {α, β} is adjacent to some vertex in X \ V (P) whence it follows that |X | ⩾ m+ 1; therefore
|V (H2)| ⩽ n− 1. Routinely it can be verified that both H1 and H2 satisfy the hypothesis; therefore their weights are positive.
Sincew(H1)+ w(H2) = w(G)+ 1, the conclusion holds.
Thus, we can assume that G is 3-connected, i.e., for each v ∈ V (G), G − v is 2-connected. For any v ∈ V (G), let I(v) be
the set of all edges of Gwhich are incident with v. Since−
v∈V (G)
w(G− v) =
−
v∈V (G)

w(G)−
−
e∈I(v)
w(e)

= nw(G)−
−
v∈V (G)
−
e∈I(v)
w(e) = nw(G)− 2
−
e∈E(G)
w(e) = (n− 2)w(G)
and n ⩾ 4, we find thatw(G) > 0. 
In the hypothesis of the above result, the assumption that the weight of each edge is not more than 1 is necessary. (Form a
weighted graph G from K1,1,2 by assigning weights as follows: the weight of the edge which joins the vertices of degree 3
is 3 and the weight of every other edge is−1. Then the weight of each induced cycle is 1; but w(G) = −1.) The next result
shows that this assumption is not needed, if we have a stronger hypothesis by dropping the word ‘induced’ in the statement
of the above result.
Corollary. Let φ be a mapping from the edge set of a 2-connected graph G to a set of real numbers such that for each cycle C of
G,
∑
e∈E(C) φ(e) > 0; then
∑
e∈E(G) φ(e) is positive.
Proof. When f is a function from E(G) to a set of reals and H is a subgraph of G, let the sum
∑
e∈E(H) f (e) be denoted by
f (H). Consider first the possibility that {φ(e) : e ∈ E(G)} is a set of integers. From G, form a weighted graph H as follows:
replace each edge e with φ(e) > 1 by a path having φ(e) edges; for each new edge e, let w(e) = 1 and for each edge e
which is retained, let w(e) = φ(e). Since for every (induced) cycle C in H , there is a corresponding cycle C ′ in G such that
w(C) = φ(C ′) > 0 and H also is 2-connected, by the earlier result, w(H) > 0. Now from the fact φ(G) = w(H), the
conclusion follows. Next, suppose that {φ(e) : e ∈ E(G)} is a set of rational numbers. Let λ be any positive integer such that
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{λφ(e) : e ∈ E(G)} is a set of integers. For each e ∈ E(G), let ψ(e) = λφ(e). Then for any cycle C of G, ψ(C) = λφ(C) > 0;
therefore by the possibility considered earlier, ψ(G) > 0 whence φ(G) > 0.
Now, let ε be any positive real number such that |E(G)|ε ⩽ inf{φ(C) : C ∈ C} where C is the set of all cycles in G. Let ψ
be a function from E(G) to the set of all rationals such that φ(e) − ε < ψ(e) ⩽ φ(e) for all e ∈ E(G). Then for any cycle C ,
ψ(C) > φ(C)− |E(C)|ε ⩾ |E(G)|ε − |E(C)|ε ⩾ 0. Therefore by the second case considered above, it follows that ψ(G) > 0
whence φ(G) > 0. 
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